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Abstract

degrees.

A quadratic function has different forms with its own benefits based on different situations—the
standard form easily yields the y-intercept, the vertex form easily yields the vertex, and the factored form
easily yields the x-intercepts. Likewise, a complex number can be expressed in different forms that are
useful for different situations. It is easy to add or subtract two or more complex numbers in standard
form, while it is easy to multiply or divide two or more complex numbers in polar form. The first section
of this paper explores one of the different forms of complex numbers~the polar form. Then, the next

section applies the polar form to find monic factor-square property (FSP) polynomials of different

Standard Form of a Complex Number

A complex number is a number that is formed
by adding a real number and an imaginary
number. Complex numbers are usually
expressed in the form of a + bi, the standard
form, where i = V—1. a is called the real part

and b is called the imaginary part.

A complex number can be plotted in a
coordinate plane with a real axis and an
imaginary axis. An example of one is shown

below.

Imaginary
P

By starting from the origin and moving the
point horizontally by a and vertically by b, it is
possible to plot the complex number a + bi on
the complex plane. In this case, the distance

between the point and the imaginary axis would

8
Real




be a and the distance from the real axis would

be b.
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Properties

Property 1: Absolute value of a complex

number

Given a complex number z = a + bi, where i =
V/—1, the absolute value of the complex number
can be expressed as |z| = Va2 + b2. Since the
distance between the point and the imaginary
axis is @ and the distance between the point and
the real axis is b, we could create a right triangle
by connecting the origin and the point.
Therefore, by the Pythagorean theorem, the
distance between the origin and z is Va2 + b2.

Here is a visual representation:
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Property 2: Equivalence of Complex Numbers

Given two complex numbers a + bi and ¢ + di,
where i = V=1, a + bi = ¢ + di if and only if
a = c and b = d. No other cases would work, as
either the direction of movement starting from
the origin, the distance from the real axis and

the imaginary axis, or both would be different.
Property 3: Conjugate Pairs

Given a complex number z = a + bi, where
i = V—1, the conjugate pair of the complex
number is expressed as z = a — bt. There are

three properties that follow.

The first property is that Z = z. Since the
conjugate pair of Z can be obtained by changing
the sign of the imaginary part, the conjugate
pair of Z would also be obtained by changing
the sign of the imaginary part. Doing so would

give a + bi, which is equal to z.

The second property is that given two complex
numbers z=a+biandw=c+di,z X w =
Z x w. By adding the two complex numbers, z

+w=(a+c)+(b+d)i. The conjugate pair, z +

w=@+c)—(b+d)i. Also, z4+w =
(a—l_)i)+(c'—di) =(a+c) — (b+di.

Therefore, z X w = Z x w.

The third property is that given two complex
numbers z=a+biandw=c+di,z X w =
Z x W. Since z x w = (a + bi)(c + di) = ac — bd
+(ad + ¢cb)i, z X w =ac — bd — (ad + cb)i.
Next, Z x w = (a — bi)c — di) = ac — bd —

(ad + cb)i. Therefore, z X w = Z x w.



Polar Form of a Complex Number

In order to understand the polar representation
of complex numbers, it is necessary to know the
fundamentals of polar coordinates. The
coordinates of a point on a xy plane can be
expressed as (x, y), where x is the horizontal
position with respect to the origin and y is the
vertical position with respect to the origin. The
polar coordinates of (x, y) is represented as (7,
0), where r is the distance between the point
and the origin and 6 is the angle from the

positive x-axis.

Polar coordinates can be plotted by first plotting
the rectangular coordinate (x, y) and then using
the following properties: X = 1 cos 8, y = 1 sin
6, 7" =x*+ 7y’ and tan @ = % Using given
information and these properties, we can get
the values of r and 6. A visual representation

would look like the following image.

The polar coordinates of a complex number can
be plotted on a complex plane. Given a complex

number a + bi, a =71 cos 8, b =7 sin 0, and 0

= tan _le. Using these properties, @ + bi =1 cos
O + irsin @ = r(cos 8 + i sin @) = rcisf. r is
called the modulus (magnitude) and @ is called
the argument (angle). Therefore, the polar form
of a + bi is rcisf. As visible in the image below,

r=|z| =Va? + b2
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To better understand the polar form, consider

the following example problems:

Ex1) Find the polar form of the complex

number 1 + i.

In order to find the polar form of a complex

number, we must find r and 6. Since

b

r=va?+ b2 r-= ﬁ Also, since 8 = tan~la,

@=tan" ' 1= %. Therefore, the polar form of

.. = . T
1+iis /2015;.

Ex2) Find the polar form of the complex
number —1 + /3L

Again, we need to find r and 6. Since r =
Vaz + b2, r=vV4=2. Also, since 0 =

b
-1 — Y

tan"te = tan™! -3 = — 3. Due to the

limited range of the inverse tangent function,

only a single value of the angle, — g, can be



computed. However, it needs to be adjusted to
correspond to the angle of the complex number
. . 21
given that is in quadrant II. Therefore, 8 = =
So, the polar form of the complex number
.. . 2T
—1+3iis ZClS?.
We can also convert the polar form of a complex
number into the rectangular form. Consider

the following example problems:

Ex1) Find the rectangular form of the complex

. T
number cis (— Z)'

In this case, r = 1 and 6 = —%. If we plot this

complex number on the complex plane, it

would look like the following image:
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Since 8 = — " by using special right triangles,
V2 V2
a=-— and b = - Therefore, the

rectangular form of this complex number is

z_ V2,

2 2

Ex2) Find the rectangular form of 4cis (7?”)

7
In this case, r = 4 and 6 = ?”. Plotting on a

complex plane would look like the image below.

imaginary

The angle formed by the negative real axis and

the number is %,. Therefore, by using special

right triangles, a = —2y/3 and b = —2. So,
the rectangular form of 4cis (7?”) is —2\/§ —
2i.

Addition and Subtraction of Complex

Numbers

Given two complex numbers z; = r;(cos6; +
isin6,) and z, = r,(cos B, + isinb,), the
sum/difference of these two complex numbers
is r,(cos 6, + isin0,) £ r,(cos 6, +
isinf,) = r,cosf; +r,cosf, +

i(ry sin 6, + ry sin 81). Just like the process
of the standard form, the real parts are added or
subtracted and the imaginary parts are added or

subtracted.

Multiplication and Division of Complex

Numbers

Given two complex numbers z; = r;(cos6; +

isinf;) and 2z, =r,(cosb, + isinb,),



the product of these two complex numbers is
ryry(cos (61 + 0,) + isin (6; + 0,)). This
can be proven by expanding and using

trigonometric identities. Here is the full proof:

Z1Zy = TyTp c0s 0 + i sinf)(cos 6, +

i sin 6;)

=11, (cos 8, X cos O, + cosf; X i sinf, +

cos 0, X i sinf; — sinf; X sinf,)
=rry(cos (0, + 6;) + isin(6; + 6,)).

Dividing these  complex

:—1(cos(91 —8,) + isin(6; — 6,)).This can be
2

proven by rationalizing and using trigonometric

formulas:

z; 11(cosB, +isinb;)

numbers  gives

r1(cosf; + isinb;)

z, T1,(cosf, +isinb,) Bl 1, (cosf, + isin6,)

_ 1, (cosfy+isinf;)(cosb,—isinb;)

r,  (cosB,+isin6,)(cosf,—isinb,)

T
==X
T2

cosf4%xcosf,—cosBq xisin B,+cosf,—isin B;+sinf;x isin 6,

(cos26,+sinZ 6,)

T
= T—l X (cosf; X cosf, — cosf; X
2
isinf, + cosf, X isinf; + sinf; X sin 0,
T

=11 (cos(6; — 6,) + i sin(6; — 6,)).

2

Consider the following example problems.
Example 1 will be solved with standard form

and Example 2 will be solved with polar form.

Ex1) There are two complex numbers z; = 2 +

3iand z, =3 — .
a) Find z;z,.

Q+30)B-)=6-2i+9i+3=9+7i

b) Find 2,
Z2

(2430 _ 243D+ _ 6+2i+9i+3i? _ 3 n
3-i (3-D+G+) 9—i2 10

7 .
—1
10

Ex2) There are two complex numbers z; —
T . . T 2T
Z(COSE +isin E) and z, =3 (cos? +
. . 2T
lSln—).
3
3) Flnd Z1Zy.

The multiplication formula states that z;z, =

rlrz(cos(91+92) +isin(91+92)). In this

Vs
case, 11 = 2,1, = 3,0, = o

2n
6, =—
273

Z1Z, = 2><3(cos(%+2?n)+isin(%+

2—”)) =6 (cos‘%ﬂ + isin%”)ind a

3 Z2

The division formula states that

Z; T
22 (cos(0,—0,) + i sin(6,+6,)).
Z TN

By substitution,

zy 2 (n 277.')+. ] (T[ 271)
2 3 cos 73 isin 73

=2 (cos (— E) +isin (— E))
3 2 2
As seen in the two example problems, using the

standard form requires expanding and
rationalizing. In order to multiply or divide two,
three, four, or more complex numbers, this
process would be very complicated. However,
using the polar form would facilitate this
process because there is no complicated process

with the modulus and the argument.



De Moivre’s Theorem

Given that the complex number 2z =
r(cos @ + isin @), De Moivre’s theorem states
thatzn= 17(cos n@ + i sin nO). This means that
when a complex number is raised to the power
of n, r, the distance between the origin and the
complex number, becomes raised to the power
of n and 6, the angle formed by the positive real
axis and the segment between the origin and the

point, becomes multiplied by n.

Here are two example problems:

Ex1) Given that z = 2 (cos % + isin %)
find the value of z°.

De Moivre’s theorem states that z* = r(cos n8

+ i sin n#). In this case, n = 6. Therefore, z® =
26 (6056—” + isin6—”) = 64(cosm +
6 6

isinm) =64Xx—-1 = —64.
Ex2) Given that z = 2 + 3i, find the value of z*
z=2+4+3i=

= _1(3 . 1 (3
J13 (cos (tan 1 (5)) + isin (tan 1 (E )))
Applying De Moivre’s theorem, z* =

169 (cos(4tan‘1 G) +isin (41,“an'1 (%)))

Before going into the proof of this theorem, it

is important to notice this pattern:

z? = r(cosf + i sinf) x r(cosd +
i sinB)os6 X cosO + cosO X i sinf +

i sinf X cosf — sinf X sinf)

=12(cos26 x isin26) . z;z, =

r1y(cos(60,46,) + i sin(6,+6,))

z3 = 1r2%(cos 26 + isin20) X r(cosf +
i sinf)
= 13(cos 26 X cosh + cos 20 X i sinf +

i sin 20 X cosf — sin 26 X sinf)
=173(cos36 + i sin 36
& 212y = 11y(cos(0,+0,) + i sin(6,+6,))

z* = 13(cos 36 + isin30) X r(cosf +
i sinf)
= r*(cos 36 X cos6 + cos 30 X i sinf +

i sin 360 X cosf — sin 36 X sinf)
=r*(cos 46 + isin40)

nZyZy = rlrz(cos(91+92) +
isin(91+92))ematical Induction and Proof

of De Moivre’s Theorem

Mathematical induction is a method to prove a
conjecture true. Proof using induction requires
two steps. The first step is to prove a conjecture
true for base case when n = k (usually k = 1).
The next step is to assume that the given
conjecture, P(n), is true and prove P(n + 1) to
be true. If these two steps are successfully
proven, the conjecture is proven true for all

integer values greater than or equal to k.

Therefore, we can prove De Moivre’s Theorem
b

by using mathematical induction.

We have a conjecture that z" = r™(cosnf +
i sinn@). This conjecture can be proven true

forn=1:

z' =1r1(cos 16 + isin16) x r(cos6 +

i sinB).



Let P(n), the induction hypothesis, be the
statement that z™ = r™ (cos n@ + i sin né).
Assuming P(n) is true, we can prove P(n + 1) is

true:

z™1 =1"(cosnB + isinnb) X r(cosh +

i sinf).

=71 ™1 (cosnh X cosf + cosnf x isinf +
isinnf X cos@ — sinnf X sin )
=r™1(cos (nh +0) +isin(nd +0)) =
r™"1l(cos (n+1)0 +isin (n+1)0) -

z™1 =y 1(cos(n + 1)0 + i sin(n + 1)6)

Therefore, z™ = r™ (cos n8 + i sin nf) is true

for all integer values of n.
The nth roots of a complex number

Given that wr= z, where z = r(cos 8 + i sin ) ,

n € N, the nth root of a complex number can

0+2km

be represented as wy = TZ(COS +

0+2km

isin )here k is all integers from O to n—1.

Consider the following examples:

Ex1) Given that w®= 64(cos  + i sin 7), find

the roots.

Since we want to find the 6th root of this
complex number, we can represent this complex
number as W° = 64(cos 7 + i sin 7). Now, using
the formula above, we can substitute 7 for 8, 64

for r, and 6 for n. Also, k=0, 1, 2, 3, 4, 5.
o = 2(cos n+2>6<0x1r +isin n+2;<0><n _

T . . T ., T
2(cos=+ isin— = 2cis—
6 6 6

T+2X1XT . . TH2X1IXT
Wi = Z(COST+ l SlnT =

31 . .. 3T , T
2(005? tisin——= 2CLSE

T+2X2XTT . . TH2X2XT
Wy = Z(COST-I- l smT =

5T , .. 5w ., 5T
2(cos?+ isin— = 2015?

T+2X3XTT . . TH2X3XT
W3 = Z(COST-I- l smT =

7m . . 7T , 7T
2(cos?+ isin— = 2015?

T+ 2X4XTT . . TH2X4XT
Wy = Z(COST +1 SlTlT =

9T . .o 9T , 3T
2(cos?+ isin——= 20157

T+2X5XT . . TH2X5XT
Wg = 2(COS—+ l SlTlT =

11m | . . 1im . 11im
Z(COST tisin— = ZClST

The following image shows the representation

of these answers on the complex plane.

As visible from the image above, the angles
formed by two consecutive roots are all

congruent.

Ex2) Given that w8 - i = 0, find the roots.

By the addition property of equality, z = i. The



. . s
polar form of this complex number is cos— +
N T oo
isinz, sincer = land 0 = > Since we want to

find the 8™ root of this complex number, we can

represent this as z = w8 = cos— + lsmz

Substituting % for 0, 1 for r, and 8 for n, we
cansolve fork=0,1,2,3,4,5,6, 7.

T . [FFT .
=] +isin|{=—)=cos—+
8 8 16

s
lSlTl— = cis—
16 16

wy = cos(

T+2T .. T+2T 51
W1=COS( 3 )+lsm(T)=cosE+

51 51
lSln—— ClS—

T+4T .. T+4T an
W2:COS( 3 )+lsm( 3 )=cos—+

16
o
lsm— = cis—
16 16
v s
—+6TC L. —+6TC 131
Wiy = cos(2 )+ lsm(2 ) = cos—+
3 , 13w
lsm— = Ccis—
16 16
T v
_ E+8T[ L. E+8T[ 171
W, = cos + isin s—+
8 8
171 . 17
i Sln— = Cls—
16 16
Ziiom Zi1om
— 2 icin (2 —
Ws = CO0S + isin =
8 8
im . 21w
cos—+ i SlTl— =ClS—
16 16
T+12m +isi T12m
Wg = COS lsin =
6 8 8
251 . 25T
cos—+ i sm— = ClS—
16 16
THl4m +isi THl4m
W- = COS [ sin =
7 8 8
291 . 291
cos—+ i SlTl— =ClS—
16 16

Ex3) Given that w3 - 4\/5— 4i = 0, find the

roots. By the addition property of equality, z =

4\/§ + 4i. The polar form of this complex
. T . .. T .

number is 8 (COSE + lsmg). Since we want

the 3™ root of this complex number, we can

. Vs
represent this as z = w3 = 8(COSE+

i sin ) Substituting 8 for r, = for 0, and 3 for

n, we can use the formula to calculate the value

fork=0,1,2.

Vs

—+0T
wy = 2(cos®

+ isi

. . T . T
i sin—) = 2cis—
18

18
o+ o+ 13
s
wy = 2(cos® "+ isin® ) = 2(cos— e T
, . 13w , 13w
i sin—) = 2cis —
18 18
S+ o+ 25
6 P s
w, = 2(cos&——+isin® ) = 2(cos— +
, . 25T , 25T
i sin=—) = 2cis—
18 18

The Advantage of Using the Polar Form

The multiplication formula, division formula,
and De Moivre’s theorem all require the use of
polar forms. These theorems facilitate the
calculation of complex numbers. As it can be
observed by solving the example problems listed
above, without having the polar form of a
complex number, it takes a very long time and

it is very difficult to calculate complex numbers.

In example problem 1 of the multiplication and
division section, the numbers were simple and
easy to expand. However, if the numbers were
more complicated and harder to expand,
solving that example would take a very long

time. Also, in example problem 2 of the De



Moivre’s theorem section, it was not very
difficult since the complex number was raised
to the 6™ power. However, if it was raised to the
power of a much higher number, it would be
very difficult and time consuming to use the

standard form.

On the other hand, if we have the polar form of
a complex number, it is much easier to calculate

because there are formulas and theorems.
Problem - 2021 ROSS

A polynomial f(x) has the factorsquare
property (or FSP) if f(x) is a factor of f(x2). For
instance, g(x) = x — 1 and h(x) = x have FSP,
but k(x) = x + 2 does not. Multiplying by a
nonzero constant “preserves” FSP, so we restrict
attention to polynomials that are monic (i.e.,

have 1 as highest degree coefficient).
Setup and Conditions

Let f(x) = @nx™ + ap—1xn="+ -« + a;x + ay be a
polynomial with roots 7\, 1, 3, ..., . If this
polynomial has the factor square property, f(x?)
= q(x)f(x), where q(x) is the quotient when

f(x?) is divided by f(x). By substituting 7 into
2
x, f(r1) = q(r)f(ry). Since r, is a root of f(x),

2
f(ry) =0and f(r1) = 0. Using the same concept,
2 2
rz, r3,...,7% are all roots of f(x). However,
since there can be a maximum of n roots, for
each 1y, where {i|i € Z, 1 < i < n}, there exists a
value j, where {j|j € Z, 1 <j <n}. Each root can
be expressed in the polar form of a complex
number: 7, = My(cos Oy + i sin 6x). Now, the

conditions of the magnitudes can be divided

into 4 cases.
Case I: mp> 1

As mentioned before, there needs to exist a
2
1; = rk. Using the De Moivre theorem, 1; =

2 2
rk = mk(cos 20k + isin 20k). Since my > 1,

2
mk > my and 15| > |1 |. However, since the

modulus keeps on increasing, My cannot be

greater than 1. Otherwise, there would not exist

2
a1 =Tk, Therefore, no root has modulus

greater than 1.
Case 2: 0<my <1

Using the same concept mentioned in case 1,
2 2

1 = rk =mk(cos 20k + isin 26k. In this

case, since the modulus keeps on decreasing, 1myx

cannot be a value greater than 0 and less than

2

1. Otherwise, there would not exist a r; = 7%k,

Therefore, no root has 0 < my < 1.

Case 3: mi =0

2

If mi =0, since 0% = 0, there exists a T = Tk
Therefore, my can be equal to 0. In other words,
ke = Mylcos Oy + i sin Gx) = 0 (cos Oy + i sin Gy)

=0.
Case 4:my =1

If mig = 1, 1k can be expressed as cos Oy + i sin

2
0 and r = rk= cos 20k + i sin 20. Since 1*

= 1, Mg can be equal to 1.

With these 4 cases, all roots have a modulus of

0 or 1. Also, it is important to note that 8; =



20 (mod 2m). The reason for using (mod 27)
is, if the difference between the arguments of
two complex numbers is a multiple of 27, the

two complex numbers are the same.

Given a polynomial with real coefficients, if a +
bi is a root, then a — bi is also a root, which
means that if cos 8 + i sin 8 is a root, cos(—8) +

i sin(—0) is also a root.

a) Are x and x — 1 the only monic FSP

polynomials of degree 17

A monic polynomial of degree 1 can be
represented as f(x) = x + a. In order for f(x) to
satisfy FSP, f(x?) = f(x) x q(x). Substituting —a
for x into this equation yields f((—a)*) = f(—a)
x q(—a) because f(—a) = 0. Thus, a* + a = 0
and a = 0 or — 1. Therefore, x and x — 1 are the

only monic FSP polynomials of degree 1.

b) List all the monic FSP polynomials of
degree 2. Some of them are products of FSP
polynomials of smaller degree. For instance,
x% and x%? —x arise from degree 1 cases.
However, x2—1 and x%4+x+1 are
“new,” not expressible as ax product of two

smaller FSP polynomials. Which polynomials

are new?

Since the polynomial has degree 2, there can be
a maximum of two roots. As mentioned
previously, a root can be expressed in the polar

form of a complex number:

1(cos 8 + i sin ). There can be three different

cases that satisfy the properties listed above.

Case 1: Both roots have magnitudes of 0.

If both roots are O, there is only one possible

polynomial: x*.

Case 2: The magnitude of one root equals O and

that of the other root equals 1.

If || = 1, the root can be expressed as cos 8 +
i sin 8. As mentioned previously, there are two
conditions to satisfy: 260 = 0 (mod 2m) and 8 =
—6 (mod 2m). Subtracting 8 from both sides of
the first condition yields 8 = 0 (mod 2m) and
adding @ to both sides of the second condition
yields 26 = O(mod 2m). So, 6 = 2mn and 26 =
2mn. Both of these equations can be satisfied
only if & = 0. Therefore, the only possible

polynomial in this case is x(x — 1) = x2 — x.

Case 3: Both roots have magnitudes of 1. This

case can be divided into two subcases:
3-1: There are two real roots.

There are only two possible roots in this case: 1
and —1. However, if —1 is a root, then 1 also
has to be a root. Therefore, there are two
possible combinations: (x — 1) = x* — 2x + 1

and (x + Dx — 1) =x"— 1.

3.2: There are two complex roots which form a

conjugate pair.

The two roots can be expressed as cos 6 + i sin
6 and cos(—0) + i sin(—#). Taking the first root,
in order to satisfy the conditions that 20 =
6(mod 2m) and 8 = 0 (mod 2m), 8 = 2mn. This
would give a real root, which does not count in

this case.

Now, taking the second root, the conditions are



20 = —0(mod 2m) and 30 = 0 (mod 2m), which

2mn

means that 30 = 2rnand 60 = = So, 6 = 2?”

4m o . . 21
or —. By substituting, the first root is cos <t

. . 2m 1 V3 )
isin—= — - + ~ I, and the second root is
4T . . 4m 1 V3,
cos—+ isin—= — =4+ —i. So, the
3 + 3 2 + 2 ’
. ) 1
polynomial is <x - (_5 +

?i))(x— (-1 - \/§i))= x4+ x + 1

Therefore, the monic FSP polynomials of

2

degree 2 are x2, x? —x, x2 —2x+1, x?

— 1, and x> + x + 1. Among these

2

polynomials, x> — 1 and x? — x + 1 are

new.

¢) List all the new monic FSP polynomials of

degree 3.

Since the polynomial has degree 3, there can be

a maximum of 3 roots. There can be two cases.
Case 1: There are 3 real roots.

We can figure out the polynomials by simply
listing out all of the possibilities, using the
property that only the numbers 0, 1, —1 would
work and that —1 can only be a root if 1 is also

a root.

(0, 0, 0) — x’. This is not new since it can be

represented as x* x X.

0, 0, 1) = x*x — 1). This is not new since x2

and x — 1 are from lower degrees.

0, 1, 1) = x(x — 1)~ This is not new since x*

and (x — 1) are from lower degrees.

(0, =1, 1) = x(x* — 1). This is not new since x

and x* — 1 are from lower degrees.

(=1, 1, 1) = (x + D)(x — 1)~ This is not new

since it equals (x> — 1)(x — 1).

(1, 1, 1) = (x — 1)’. This is not new since it

equals (x — 1)*(x — 1).

(=1,=1,1) > (x + D*x — 1). This is new since
it cannot be represented as a product of two

lower degree monic FSP polynomials.

Case 2: There is one real root and two complex

roots (one conjugate pair).

As stated before, the only possible real roots are
0 and 1. (-1 can’t be a root without 1). The next
step is to figure out the complex roots that

comply with the properties stated above.
Case 2-1:

20 = 0 (mod 2m)

8 = 0 (mod 2m)

In this case, the root is real. Therefore, there are

no complex roots in this case.
Case 2-2:
20 = —6 (mod 2m)
30 = 0 (mod 2m)
30 = 2mn, wheren € Z

2mn

2 .
Ifo = %, the rectangular form of the root is



1 3

. . An
—5— i and if 8 = > the rectangular form

of the rootis — 1 + V3 i.If @ = 0, the root is

real and will be one of the roots already listed in
the previous degree.

Therefore, the possible combinations of roots
are:

_l___
27 2 2

(O,—%—ﬁ' 1+\/§i)—>x(x2+x+1).

This is not new since x and (x? + x + 1) are

from lower degrees.

(1,—%—‘/;1',—1 + \/§i)—> (x —
1)(x2 + x + 1). This is also not new since x

— 1 and (x2 + x + 1) are from lower

degrees.

The problem also mentions that there are some

polynomials with complex coefficients.

If we let @, B, and y be the three complex roots
of the polynomial, by the properties listed
above, 8 = 2a and y = 4a. So, the roots are «,
2a, and 4a. Now, there can be two different

cases: 8a = a (mod 27) and 8a = 2a (mod 2n).

If we take the first case, subtracting & from both

sides yields 7@ = 0 (mod 2m). Therefore, 7a =

2nn 2T
2nmn and a = — If n = 1, the roots are -

4 81 .
- and — The list of roots stops there because

1é6m
7

(e eis (2)) (e —eis () (e -eis (%),

By converting to the rectangular form and

= 27n (mod 2m). So, the polynomial is

expanding, the polynomial is x3 + 0.5x2% —

0.5x — 1+ (—1.3x2 — 1.3x + 0.005056)i.

If we take the next case, subtracting 2a from

both sides yields 6a = 0 (mod 2m). So, a =

2mn n T 2T 4m
=— = —. Ifn=1,therootsare =,—, and —.
6 3 373 3
. . 81 2
Again, the list stops here because S =3
(mod 2m). Therefore, the polynomial is (x -

cis (g)) (x — cis (2?”)) (x — cis (2?”)) By

converting to the rectangular form and

expanding,

— 2 3(x?
(2x 1)(2 +x+1) (\/5(";"“)1' =x3+ (1 —

Zi)wr+ (- 2)x-(3+2),

2 2 2 2

This polynomial is new because none of the
polynomials from previous degrees have

complex coefficients.

Therefore, the new monic FSP polynomials of

degree 3 are:
x + D*(x -1

x3+0.5x2—-05x—1+ (—1.3x2—-13x +
0.005056):.

3 (1_V3 )\ 2 (1_¥3), _(1_¥3
x+(2 21)x +(2 Z)x (2 2).

Can you make a similar list in degree 4?7
Case 1: There are 4 real roots.

Using the properties from above, we can list out

all of the possible outcomes:

0, 0, 0, 0) — x4. This is not new since it can be

represented as x2x2.

0,0,0, 1) = x3(x — 1). This is not new.



0,0, 1, 1) > x%(x — 1)%. This is not new.

0, 1, 1, 1) > x(x — 1)’. This is not new.

(1,1, 1, 1) > (x — D*. This is not new.

0,0, =1, 1) = x2%(x* — 1). This is not new.
0, =1, 1, 1) > x(x — 1)*x + 1). This is not new.
(=1, 1, 1, 1) > (x = 1)’(x + 1). This is not new.

(=1, =1, 1, 1) — (x + D*(x — 1)~ This is not

new.

(=1, -1, -1, 1) = (x + 1)’(x — 1). This is not

new.

0, =1, =1, 1) = x(x + 1)*(x — 1). This is not

new.

Case 2: There are 2 complex roots and 2 real

roots.
Case 2-1: The two real roots are 1 and 1.

In this case, the arguments can be 0, 0, 8, or

—0.

Case 2-1-1:

26 = 0 (mod 2m) 26 = 0 + 2mn

0 =mn

This would lead to a real solution.
Case 2-1-2:

260 = 6 (mod 2m)

6 = 2nn

This would also lead to a real solution.

Case 2-1-3:

20 = —6 (mod 2m)
30 = 2nn
p =2

3
g =& 2m

3’3
2131 =22

3

The arguments of the two complex roots are

27 2w _ AW

3’ 3 3

. 21 . 41T
The four roots are 1, 1, cis (?) ,CILS (T)

The polynomial from these roots is:

; 1 V3, 1 3,
x—=1"(x—(— ;+71))(x — (E-l—?l))
= (- D*x*+x+ 1)

21320 =&
3

4T 4T 21
The arguments of the roots are <3 3

This would lead to the same polynomial as case

2-1-3-2.

Case 2-2: The two real roots are 1 and —1. In

this case, the arguments are O, 7, 6, —6.
Case 2-2-1:
20 = 0 (mod 2m)

Taking case 2-1-1 into consideration, this would

lead to a real solution.
Case 2-2-2:
20 = 0 (mod 21

Taking case 2-1-2 into consideration, this would



lead to a real solution.
Case 2-2-3:

20 = w (mod 2m)

20 —m=1nn

20=m+2nn

ni2n+1

g )
2
w31
9=_‘_
2° 2

The polynomial from the resulting roots is:
(r — Dl + Dl — Dx + 1)

= (= Dx*+ 1) = x* — 1. This is a new

polynomial.
Case 2-2-4:

20 = —0 (mod 21)

. . . . 21
Taking case 2-1-3 into consideration, 8 = S
47
T

The polynomial resulting from these roots is:

x—Dx+1) <x—<%+§i>>(x—

)

=(x-DE+DE*+x+1)

N

Case 2-3: The real roots are 1 and 0.

In this case, the arguments are 0, 0, 6, —6.
Case 2-3-1:

26 = 0 (mod 2m)

Taking case 2-1-1 into consideration, this would

lead to a real solution.
Case 2-3-2:
20 = 06 (mod 2m)

Taking case 2-1-2 into consideration, this would

lead to a real solution.
Case 2-3-3:

20 = —0 (mod 2n)

. . . . 2T
Taking case 2-1-3 into consideration, 8 = =
am
.

The polynomial resulting from these roots is:
1, V3, 1
x(x—1) (x — (—;+71>> (x — (—;—
V3 ))
—i
2

=x(x- D +x+1)

Case 2-4: The real roots are 0 and 0.
Case 2-4-1:

20 = 0 (mod 2m)

Taking case 2-1-1 into consideration, this would

lead to a real solution.
Case 2-4-2:
20 = 06 (mod 21)

Taking case 2-1-2 into consideration, this would

lead to a real solution.
Case 2-4-3:

26 = —0 (mod 2m)



. . . . 21
Taking case 2-1-3 into consideration, 8 = <

41

3"

The polynomial resulting from these roots is:

=x?(x*+x+1

Case 3: There are 4 complex roots (2 pairs of
complex conjugate roots). In this case, the

arguments can be represented as 8, —8, ¢, —¢.
Case 3-1
260 = 06 (mod 2m)

This implies that the root with argument 6 is

real.

Case 3-2

260 = —60 (mod 2m)
30 = 0 (mod 2m)
30 = 2nn

21 21
When 6 = - the four arguments are Pl

2T 4T

? = ?, (1), and —(I).
41T 41T
When 0 = 4, the four arguments are > " 3
27
= ?, (1), and —(I).

Since these two cases lead to the same

arguments, the four arguments can be

2w 4w
represented as 5 3 d, and — .

Case 3-2-1

2¢ = —¢ (mod 2m)

¢ = 2m Am
T 3’3
Case 3-2-1-1
d) _2m
B
2m 4T 2T 21 41
The arguments are S 3 and — S =5

The resulting polynomial is (x2 + x + 1)2 = x4

+ 2x3 + 3x2 + 2x + 1. This polynomial is not

new.
Case 3-2-1-2
4m
¢=3
The arguments are 2_71' 471’4?11’ and — == 2?”

This would yield the same polynomial as that of
case 3-2-1-1.

Case 3-2-2
2¢ = %ﬂ (mod 2m)
_ (2@

2¢ = (? + ZT[Tl)

s 1
¢=s+tnr=-+mn

T 41
=573
Case 3-2-2-1

T
¢=3
The arguments are 2—”, 4—”,2 and —Z =37,

3’3’3 37 3

The resulting polynomial is (x% 4+ x +

1)(x% — x + 1). This is a new polynomial.



Case 3-2-2-2
4
¢=7

2w 4m 4T 41 21
The arguments =305 and — 5

This would lead to the same polynomial as case

3.2-1-2.
Case 3-2-3

2¢ = 4?ﬂ(mod 21T)

2¢ — 4?” = 27n)
2mn+Z 21
— 3 r
=—F = nmn + 3
2m 51
$=5%
Case 3-2-3-1
2m
b=

T 4T 2T d 2m 4w
3 3’

2
The arguments are —,—,—an
3’7373
This case would yield the same polynomial as

case 3-2-1-2.

Case 3-2-3-2
¢ __ 57w
3
2w 4m 51 5t T
The arguments are —,—,—and — — = —.
3 3 3 3 3

This case would yield the same polynomial as

case 3-2-2-1.
Case 3-3

20 = ¢ (mod 2m)

The four arguments are —20, 20, —6, and 6.

Case 3-3-1
46 = —20 (mod 2m)
60 = 0 (mod 2m)
60 = 2mn

mn
0 =3

T 2m 4m 51
9=33357%
33.1.1: ==

3
The four arguments are E, L S—H,Z—Hand -
3 3 3’3

2 _ am
3 3

These arguments would vyield the same

polynomial as that of case 3-2-2-1.

33.1.2: 9 = &
3

21 21 4T 4T

The four arguments are S T3 TS

These arguments would vyield the same

polynomial as that of case 3-2-1-2.

33.13: =2
3

4m 4w _ 2m 8m

The four arguments are S T3 o303

These arguments would vyield the same

polynomial as that of case 3-2-1-2.

33.14: 9 =L

51
3

51 10w

51 b4
The four arguments are P U



dm_0m 4w _ 21 ~ x* —1.24x3 + 2.38x% — 1.24x + 1

4
These arguments would yield the same 3332: 0 = ?ﬂ
polynomial as that of case 3-2-2-1. 4 am
¢=5%
Case 3-3-2
am\ _ -(V3+1)  V=2(¥5-s) .
460 = 20 (mod 21) cts (?) =T T & '
_ _(5+1) S
20 2nn cis (_4?71) _ (\/;+ )_n(f s)l,
This case would lead to a real solution.
o 265
Case 333 fO) = (- - Y——i Px -
40 = —6 (mod 2m) _F1 T —2(VE-s) .
- 4 '
56 = 0 (mod 2m)
~ x*+3.23x3+4.62x%2 +3.24x + 1
56 = 27n
, 3333 0=
g = 2
5
6w 6m
p — 2 im 6m Bn 0=
T 5’5’5’5
ey —(VB+1)  V=2(V5-s)
3331: 0 = 22 cts (?) =T 2 !
o om r em\ _ —(VB+1)  J=3(ve-5) .
b=5-3 cis (=) == -
om e [2(\/5_‘_5) . The polynomial would be the same as that of
cts (?) =72 7 1 ! case 3-3-3-1.
L amy fEer 2(/+8) 3.3.3.4. 0 = 8?”
cis (— —) = — i
5 4 4
¢ = 8t _8m
5’ 5
N /2(\/§+5) ]
flx)=(x- - ) C o N —
4 4 . (81‘[) V5-1  v2(V5+5) .
cs (T)=—F——7,—1i
51 2(/5+5) i) . 8m\ _ v5-1 v2(V5+5) .
4 4 cts (_?):T_Tl
= x4+ (1 _ \/E) X3 + %ﬁ + (1 _ The polynomial would be the same as that of
case 3-3-3-2.

Case 3-3-4



40 = 6 (mod 2m)
36 = 0 (mod 2m)
30 = 2mn
g =

3
g = 2 im

3’3

Both values of 6 have already been tested in

previous cases.

d) Are there monic FSP polynomials with real
number coefficients, but some of those not

integers?

Cases 3-3-1, 3-3-2, and 3-3-3 from degree 4
resulted in FSP polynomials with non-integer
coefficients. The main difference with these
three polynomials is the denominator of the
angle before being converted to the rectangular
form. These cases were special because they had

a denominator of 5. Since it is very difficult to

nm

know the exact wvalue of sin (?) and

nm . . .
cos (?), it is almost impossible to convert to

rectangular form by hand. This is why the use
of a calculator was necessary for these cases. So,
the coefficients of these polynomials are not

integers.
Conclusion

This paper was centered on the exploration of
properties of complex numbers. The
exploration of the polar form of complex
numbers and its properties led to the next focus
of the paper: solving a problem from 2021
ROSS. Coming up with the proper “setup and

conditions” took some time, as the first few

trials faced interesting errors and limitations.

Through the implementation of the polar form
with roots of polynomials, the properties
eventually became coherent. Coming up with
the correct properties made the rest of the
problem-solving process much smoother and
clearer, as the implication of these properties

facilitated the setup of cases and subcases.



